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EQUIVARIANT K-THEORY, GROUPOIDS AND PROPER ACTIONS
JOSE CANTARERO
Abstract. In this paper we define complex equivariantK-theory for actions of Lie groupoids
using finite-dimensional vector bundles. For a Bredon-compatible Lie groupoid G, this de-
fines a periodic cohomology theory on the category of finite G-CW-complexes. We also
establish an analogue of the completion theorem of Atiyah and Segal. Some examples are
discussed.
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1. Introduction
The recent theorem of Freed, Hopkins and Teleman [8, 9, 10, 11] relates the complex
equivariant twisted K-theory of a simply-connected compact Lie group acting on itself by
conjugation to the Verlinde algebra. This result links information about the conjugation
action with the action of the loop group on its universal space for proper actions. If we
use the language of groupoids, the two associated groupoids are locally equivalent. The
invariance of orbifold K-theory under Morita equivalence [1] also seems to suggest that the
language of groupoids is an appropriate framework to work with proper actions.
The complex representation ring of a compact Lie group G can be identified with the G-
equivariant complex K-theory of a point. Equivariant complex K-theory is defined via equi-
variant complex bundles, but this procedure does not give a cohomology theory for proper
actions of non-compact Lie groups in general, as shown in [19]. Using infinite-dimensional
complex G-Hilbert bundles, Phillips [19] constructs an equivariant cohomology theory for
any second countable locally compact group G on the category of proper locally compact
G-spaces that agrees with equivariant K-theory for actions of compact Lie groups. But in
some cases it is enough to use finite-dimensional vector bundles. For example, Lu¨ck and
Oliver show that they suffice for discrete groups [16]. Inspired by methods from that paper,
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we will construct a version of complex equivariant K-theory for actions of a Lie groupoid
G = (G0,G1) (see the next section for some background on groupoids) by using extendable
complex equivariant bundles, defined below. These bundles are finite-dimensional, but are
required to satisfy an additional condition which will make sure we have a Mayer-Vietoris
sequence.
Definition 1.1. Let X be a G-space, pi : X −→ G0 its anchor map and V −→ X a complex
G-vector bundle. We say V is extendable if there is a complex G-vector bundle W −→ G0
such that V is a direct summand of pi∗W .
The Grothendieck construction then gives a cohomology theory on the category of G-
spaces. For any G-space X , K∗G(X) is a module over K
∗
G(G0) and the latter can be identified
with K∗orb(G) when G is an orbifold. But this theory does not necessarily satisfy Bott peri-
odicity. In fact, it may not agree with classical equivariant K-theory when the action on the
space is equivalent to the action of a compact Lie group. For our purposes we only need to
study G-spaces that are built out of G-cells, which are compact G-spaces whose G-action is
equivalent to the action of a compact Lie group on a finite complex.
Definition 1.2. A groupoid G is Bredon-compatible if given any G-cell U , all G-vector
bundles on U are extendable.
Bredon-compatibility makes sure that G-equivariant K-theory agrees with classical equi-
variant K-theory on the G-cells. This condition also implies Bott periodicity for finite G-
CW-pairs, proved by a Mayer-Vietoris argument and induction over the cellular structure.
These are two of the results in Section 3 needed to prove Theorem 3.22, which we reproduce
here:
Theorem 1.3. If G is a Bredon-compatible Lie groupoid, the groups KnG (X,A) define a
Z/2-graded multiplicative cohomology theory on the category of finite G-CW-pairs.
The purpose of this version of equivariant K-theory for actions of Lie groupoids is the
existence of a completion theorem for proper actions of Lie groups. There are more general
versions of equivariant K-theory for actions of locally compact groupoids available in the
literature using C∗-algebras and KK-theory, such as the ones developed in [7] and [14], but
no completion theorems are expected to hold in such generality.
Emerson and Meyer consider the question of when equivariant K-theory for actions of
locally compact groupoids on locally compact spaces can be defined using finite-dimensional
vector bundles in [7]. For instance, Theorem 6.4 in [7] shows that equivariant K-theory
defined in terms of equivariant vector bundles is isomorphic to equivariant K-theory defined
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using C∗-algebras for actions of a second countable, locally compact, Hausdorff groupoid G
with Haar system on a proper, G-compact, second countable G-space X as long as the C∗-
algebra of the action groupoid has an approximate unit of projections. This last condition
holds if and only if for each x ∈ X , and each irreducible representation V of the stabilizer of
x, there is a G-vector bundle on X whose fiber over x contains V . We show in Section 3 that
equivariant K-theory defined using extendable vector bundles coincides with the versions
defined in Definitions 2.2 and 2.3 of [7]. The following theorem corresponds to Theorem
3.23:
Theorem 1.4. Let G be a Bredon-compatible Lie groupoid such that for each x ∈ G0, and
each irreducible representation V of the stabilizer of x, there is a G-vector bundle on G0 whose
fiber over x contains V . Then equivariant K-theory defined in terms of extendable G-vector
bundles coincides with equivariant K-theory defined in terms of C∗-algebras and KK-theory
on the category of finite G-CW-complexes.
We introduce a universal G-space EG as the limit of a sequence of free G-spaces EnG as in
the case of compact Lie groups. The quotient of EG by the G-action is BG, the classifying
space of G. We form the fibered product X ×pi E
nG over G0 and prove a generalization of
the completion theorem of Atiyah and Segal [4] when G is finite.
Definition 1.5. A Lie groupoid G is finite if G0 is a finite G-CW-complex and the spaces
BnG = EnG/G are compact.
This version of G-equivariantK-theory is invariant under weak equivalence. The naturality
of completion maps and the Atiyah-Segal completion theorem for actions of compact Lie
groups imply the existence of a completion theorem for G-cells. A spectral sequence argument
is then used to show that the completion map constructed at the end of Section 4 is an
isomorphism. This result corresponds to Theorem 5.6, the main goal of Section 5:
Theorem 1.6. Let G be a Bredon-compatible, finite Lie groupoid and X a finite G-CW-
complex. Then we have an isomorphism of pro-rings
{K∗G(X)/I
n
GK
∗
G(X)} −→ {K
∗
G(X ×pi E
nG)}.
In particular, for X = G0 we obtain an isomorphism of pro-rings
{K∗G(G0)/I
n
GK
∗
G(G0)} −→ {K
∗(BnG)}.
Finally, Section 6 studies the posibility of applying these result to proper actions of Lie
groups which are not necessarily compact. These actions have an associated Lie groupoid
which encodes the action of the group on its classifying space for proper actions. Actions
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of finite groups and compact Lie groups and proper actions of discrete groups, pro-discrete
groups, almost compact groups and matrix groups give rise to Bredon-compatible groupoids.
The finiteness condition is not automatic, but when it holds a completion theorem follows.
Acknowledgements. The author would like to thank the referee, whose comments and
suggestions really helped improve the quality and readibility of the paper.
2. Background on groupoids
In this section we review some basic facts about groupoids. All this material can be found
in [1] and [17].
Definition 2.1. A topological groupoid G consists of a space G0 of objects and a space G1
of arrows, together with five continuous structure maps, listed below.
• The source map s : G1 → G0 assigns to each arrow g ∈ G1 its source s(g).
• The target map t : G1 → G0 assigns to each arrow g ∈ G1 its target t(g). For two
objects x, y ∈ G0, one writes g : x → y to indicate that g ∈ G1 is an arrow with
s(g) = x and t(g) = y.
• If g and h are arrows with s(h) = t(g), one can form their composition hg, with
s(hg) = s(g) and t(hg) = t(h). The composition map m : G1 ×s,t G1 → G1, defined
by m(h, g) = hg, is thus defined on the fibered product
G1 ×s,t G1 = {(h, g) ∈ G1 × G1 | s(h) = t(g)}
and is required to be associative.
• The unit map u : G0 → G1 which is a two-sided unit for the composition. This means
that su(x) = x = tu(x), and that gu(x) = g = u(y)g for all x, y ∈ G0 and g : x→ y.
• An inverse map i : G1 → G1, written i(g) = g
−1. Here, if g : x→ y, then g−1 : y → x
is a two-sided inverse for the composition, which means that g−1g = u(x) and gg−1 =
u(y).
Definition 2.2. A Lie groupoid is a topological groupoid G for which G0 and G1 are smooth
manifolds, and such that the structure maps are smooth. Furthermore, s and t are required
to be submersions so that the domain G1 ×s,t G1 of m is a smooth manifold.
Example 2.3. Suppose a Lie group K acts smoothly on a manifold M . One defines a Lie
groupoid K ⋊M by (K ⋊M)0 = M and (K ⋊M)1 = K ×M , with s the projection and t
the action. Composition is defined from the multiplication in the group K. This groupoid
is called the action groupoid.
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Definition 2.4. Let G be a Lie groupoid. For a point x ∈ G0, the set of all arrows from x
to itself is a Lie group, denoted by Gx and called the isotropy group at x. The set ts
−1(x) of
targets of arrows out of x is called the orbit of x. The quotient |G| of G0 consisting of all the
orbits in G is called the orbit space. Conversely, we call G a groupoid presentation of |G|.
Definition 2.5. A Lie groupoid G is proper if (s, t) : G1 → G0 × G0 is a proper map. Note
that in a proper Lie groupoid, every isotropy group is compact.
Definition 2.6. Let G and H be Lie groupoids. A strict homomorphism φ : H→ G consists
of two smooth maps φ : H0 → G0 and φ : H1 → G1 that commute with all the structure
maps for the two groupoids.
Definition 2.7. A strict homomorphism φ : H → G between Lie groupoids is called an
equivalence if:
• The map
tpi1 : G1 ×s,φ H0 → G0
is a surjective submersion, where G1 ×s,φ H0 = {(g, y) ∈ G1 ×H0 | s(g) = φ(y)} and
pi1 : G1 ×s,φ H0 → G1 is the projection to the first factor.
• The square
H1
φ
//
(s,t)

G1
(s,t)

H0 ×H0
φ×φ
// G0 × G0
is a fibered product of manifolds.
The first condition implies that every object x ∈ G0 can be connected by an arrow g :
φ(y)→ x to an object in the image of φ, that is, φ is essentially surjective as a functor. The
second condition implies that φ induces a diffeomorphism
H1(y, z)→ G1(φ(y), φ(z))
from the space of all arrows y → z in H1 to the space of all arrows φ(y) → φ(z) in G1. In
particular φ is full and faithful as a functor.
A strict homomorphism φ : H → G induces a continuous map |φ| : |H| → |G|. Moreover,
if φ is an equivalence, |φ| is a homeomorphism.
Definition 2.8. A local equivalence φ : H −→ G is an equivalence with the additional
property that each g0 ∈ G0 has a neighbourhood U admitting a lift to H˜0 in the diagram
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H˜0

// H0
φ0

G1
s

t // G0
U
GG
✎
✎
✎
✎
✎
✎
✎
✎
// G0,
in which the square is a pullback square.
Definition 2.9. Two Lie groupoids G and G′ are weakly equivalent if there exists a third
groupoid H and two local equivalences
G← H→ G′.
3. Groupoid actions and K-theory
Definition 3.1. Let G be a groupoid. A (right) G-space is a manifold E equipped with an
action of G. Such an action is given by two maps pi : E → G0 (called the anchor map) and
µ : E ×G0 G1 → E. The latter map is defined on pairs (e, g) with pi(e) = t(g) and written
µ(e, g) = e · g. They must satisfy pi(e · g) = s(g), e · 1pi(e) = e and (e · g) · h = e · (gh). The
space of orbits of this action is denoted by E/G.
Example 3.2. If G is a groupoid, G1 is a G-space with the anchor map given by s : G1 → G0,
so that G1 ×G0 G1 = G1 ×s,t G1. The action map is the composition m : G1 ×s,t G1 → G1 from
Definition 2.1. Consider the following maps:
α : G1/G→ G0
α([g]) = t(g)
β : G0 → G1/G
β(x) = [u(x)],
where [g] denotes the orbit of g ∈ G1. These maps define a homeomorphism between G1/G
and G0.
Example 3.3. Let M be a G-space. We can construct the action groupoid H = G ⋊M
which has space of objectsM and morphismsM×G0G1. This groupoid generalizes the earlier
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notion of action groupoid for a group action and the structure maps are formally the same
as in that case.
Definition 3.4. Let G be a groupoid and let X , Y be G-spaces with anchor maps piX and
piY , respectively. A map f : X −→ Y is G-equivariant if it satisfies piY ◦ f = piX and
f(x · g) = f(x) · g for all g ∈ G1 with t(g) = piX(x).
• G0 is a final object in the category of G-spaces with the action given by e·g = s(g) and
anchor map given by the identity. The space of orbits for this action is |G| (Definition
2.4).
• IfX and Y are G-spaces, the fibered product over G0, X×piY = {(x, y) | pi(x) = pi(y)}
becomes a G-space with coordinate-wise action. In particular X ×pi G0 = X .
• Similarly, if X is a G-space and Y is any other space, X ×Y is a G-space with trivial
action on the second factor. In fact, X × Y = X ×pi (Y × G0).
All vector bundles in this paper are complex vector bundles.
Definition 3.5. Let G be a groupoid. A G-vector bundle on a G-space X is a vector bundle
p : E −→ X such that E is a G-space with fiberwise linear action and p is a G-equivariant
map.
Definition 3.6. Let X be a G-space and V −→ X a G-vector bundle. We say that V is
G-extendable if there is a G-vector bundle W −→ G0 such that V is a direct summand of
pi∗W .
• Direct sum of G-extendable vector bundles induces an operation on the set of isomor-
phism classes of G-extendable vector bundles on X , making this set a monoid. We
can also tensor G-extendable vector bundles.
• The pullback of a G-extendable vector bundle by a G-equivariant map is a G-extendable
vector bundle.
• All G-vector bundles on G0 are G-extendable. When G is an orbifold, G-vector bundles
on G0 correspond to G-vector bundles over the orbifold G according to Definition 2.25
of [1].
Definition 3.7. Let X be a G-space. Then let VectG(X) be the set of isomorphism classes
of extendable G-vector bundles on X and KG(X) = K(VectG(X)), where K(A) denotes the
Grothendieck group of a monoid A. We call KG(X) the extendable G-equivariant K-theory
of X .
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Let X be a G-space and A a closed subspace of X which is G-invariant. We can now define
the extendable K-groups as in Definition 3.1 of [16]:
K−n
G
(X) = Ker[KG(X × S
n)
i∗
−→ KG(X)],
K−n
G
(X,A) = Ker[K−n
G
(X ∪A X)
j∗
2−→ K−n
G
(X)],
where i : X → X ×Sn is the inclusion given by fixing a point in Sn and j2 : X → X ∪AX is
one of the maps from X to the pushout. We equip X × Sn with a G-action by taking as the
anchor map the composition of the projection onto the first coordinate and the anchor map
for X . Then we let the groupoid act on the first coordinate. The anchor map for X ∪A X
is the only map to G0 making the pushout diagram commutative. The action is induced by
the action of G on X .
From now on G will be a Lie groupoid. The following lemma follows easily from the
definitions:
Lemma 3.8. Let (X,A) be a G-pair. Suppose that X = ∐i∈I Xi, the disjoint union of open
G-invariant subspaces Xi, and set Ai = A ∩Xi. Then there is a natural isomorphism
K−n
G
(X,A) −→
∏
i∈I
K−n
G
(Xi, Ai).
Definition 3.9. A smooth left Haar system for a Lie groupoid G is a family {λa | a ∈ G0},
where each λa is a positive, regular Borel measure on the manifold t−1(a) such that:
• If (V, ψ) is an open chart of G1 satisfying V ∼= t(V )×W , and if λW is the Lebesgue
measure on Rk restricted toW , then for each a ∈ t(V ), the measure λa◦ψ is equivalent
to λW , and the map (a, w) 7→ d(λ
a ◦ ψa)/dλW (w) belongs to C
∞(t(V ) ×W ) and is
strictly positive.
• For any x ∈ G1 and f ∈ C
∞
c (G1), we have∫
t−1(s(x))
f(xz)dλs(x)(z) =
∫
t−1(t(x))
f(y)dλt(x)(y).
Proposition 3.10. Every Lie groupoid admits a smooth left Haar system.
The proof can be found in [18], Theorem 2.3.1.
Note that we can use a smooth left Haar system to construct equivariant sections of G-
vector bundles from nonequivariant sections. More precisely, let f : X → E be a nonequivari-
ant section of a G-vector bundle E → X . If we define h(x) =
∫
t−1(piX(x))
f(xg)g−1dλpiX(x)(g),
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then
h(xk) =
∫
t−1(piX(xk))
f(xkg)g−1dλpiX(xk)(g) =
∫
t−1(s(k))
f(xkg)g−1dλs(k)(g) =
∫
t−1(s(k))
f(xkg)g−1k−1dλs(k)(g) · k =
∫
t−1(t(z))
f(xz)z−1dλt(z)(z) · k =
∫
t−1(piX(x))
f(xz)z−1dλpiX(x)(z) · k = h(x) · k.
Corollary 3.11. If f0, f1 : (X,A) −→ (Y,B) are G-homotopic G-maps between G-pairs,
then
f ∗0 = f
∗
1 : K
−n
G
(Y,B) −→ K−n
G
(X,A)
for all n ≥ 0.
Proof. Since we can construct equivariant sections from nonequivariant sections, we can use
the same argument from Propositions 1.1, 1.2 and 1.3 of [24]. The relative case follows from
the definition. 
The following lemma is a straightforward generalization of Lemma 1.5 in [16]:
Lemma 3.12. Let φ : (X1, X0) −→ (X,X2) be a map of G-spaces, set φ0 = φ|X0, and
assume that X ∼= X2 ∪φ0 X1. Let p1 : E1 −→ X1 and p2 : E2 −→ X2 be G-extendable vector
bundles, let φ0 : E1|X0 −→ E2 be an isomorphism of G-vector bundles covering φ0, and set
E = E2 ∪φ0 E1. Then p = p1 ∪ p2 : E −→ X is a G-extendable vector bundle over X.
Proof. We have to show that p : E → X is locally trivial. Since E1 is locally trivial,
so is E|X−X2
∼= E|X1−X0. So it remains to find a neighbourhood of X2 over which E is
locally trivial. Choose a closed neighbourhood W1 of X0 in X1 for which there is a strong
deformation retraction r :W1 → X0. By the homotopy invariance for nonequivariant vector
bundles over paracompact spaces, r is covered by an isomorphism of vector bundles r¯ :
E1|W1 → E0 which extends i¯1. Set W = X2 ∪φ0 W1. Then r¯ extends, via the pushout, to a
map of vector bundles E|W → E2 which extends i¯2 and hence E|W is locally trivial. 
The next lemma is a fundamental piece in the proof of the existence of a Mayer-Vietoris
long exact sequence for G-equivariant K-theory. It was inspired by Lemma 3.7 of [16].
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Lemma 3.13. Let φ : X −→ Y be a G-equivariant map and let E ′ −→ X be a G-extendable
vector bundle. Then there is a G-extendable vector bundle E −→ Y such that E ′ is a
summand of φ∗E.
Proof. Consider pi : Y −→ G0 and piφ : X −→ G0. Since E
′ is extendable, there is a G-vector
bundle V on G0 such that E
′ is a direct summand of (piφ)∗V . Let E = pi∗V . Then E is a
G-vector bundle on Y and it is the pullback of an extendable G-vector bundle, hence it is
extendable. And we have that E ′ is a direct summand of (piφ)∗V = φ∗E. 
The existence of a Mayer-Vietoris sequence is shown next. The proof is an adaptation of
Lemma 3.8 in [16].
Lemma 3.14. Let
A
i1 //
i2

X1
j1

X2
j2 // X
be a pushout square of G-spaces, where i1 and i2 are cofibrations. Then there is a natural
exact sequence, infinite to the left
. . .
d−n−1
−→ K−n
G
(X)
j∗1⊕j
∗
2−→ K−n
G
(X1)⊕K
−n
G
(X2)
i∗1−i
∗
2−→ K−n
G
(A)
d−n
−→ . . .
. . . −→ K−1
G
(A)
d−1
−→ K0G(X)
j∗
1
⊕j∗
2−→ K0G(X1)⊕K
0
G(X2)
i∗
1
−i∗
2−→ K0G(A).
Proof. We first show that the sequence
(1) KG(X)
j∗
1
⊕j∗
2−→ KG(X1)⊕KG(X2)
i∗
1
−i∗
2−→ KG(A)
is exact, and hence the long sequence in the statement of the lemma is exact at K−n
G
(X1)⊕
K−n
G
(X2) for all n. Clearly the composite is zero. So fix an element (α1, α2) ∈ Ker(i
∗
1 − i
∗
2).
By the previous lemma, we can add an element of the form ([j∗1E
′], [j∗1E
′]) for some G-vector
bundle E ′ → X , and arrange that α1 = [E1] and α2 = [E2] for some pair of G-vector bundles
Ek → Xk. Then i
∗
1E1 and i
∗
2E2 are stably isomorphic, and after adding the restrictions of
another bundle over X , we can arrange that i∗1E1
∼= i∗2E2. Lemma 3.12 now applies to show
that there is a G-vector bundle E over X such that j∗kE
∼= Ek for k = 1, 2, and hence that
(α1, α2) = ([E1], [E2]) ∈ Im(j
∗
1 ⊕ j
∗
2).
Assume now that A is a retract of X1. We claim that in this case the map
(2) Ker[KG(X)
j∗
2−→ KG(X2)]
j∗
1−→ Ker[KG(X1)
i∗
1−→ KG(A)]
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is an isomorphism. It is surjective by the exactness of (1). So fix an element [E] − [E ′] ∈
Ker(j∗1 ⊕ j
∗
2). To simplify the notation, we write E|A = i
∗
2j
∗
2E and E|Xi = j
∗
iE for i = 1, 2.
Let p1 : X1 → A be a retraction, and let p : X → X2 be its extension to X . By the previous
lemma, we can arrange that E|Xk
∼= E ′|Xk for k = 1, 2. Applying the same lemma to the
retraction p : X → X2, we obtain a G-vector bundle F
′ → X2 such that E
′ is a summand
of p∗F ′. Stabilizing again, we can assume that E ′ ∼= p∗F ′ and hence that F ′ ∼= E ′|X2 and
E ′|X1
∼= p∗1(F
′|A) ∼= p
∗
1(E
′|A). Fix isomorphisms ψk : E|Xk → E
′|Xk covering the identity on
X . The automorphism (ψ|A) ◦ (ψ1|A)
−1 of E ′|A pulls back, under p1, to an automorphism φ
of E ′|X1 . By replacing ψ1 by φ ◦ ψ1 we can arrange that ψ1|A = ψ2|A. Then ψ1 ∪ ψ2 is an
isomorphism from E to E ′, and this proves the exactness.
Now for each n ≥ 1,
K−n
G
(A) = Ker[KG(A× S
n)→ KG(A)]
∼= Ker[KG(X ∪A×pt (A× S
n))
incl∗
−→ KG(X)]
∼= Ker[KG((X1 ×D
n) ∪A×Sn−1 (X2 ×D
n))
(−,pt)∗
−→ KG(X)],
the last step since (X1 × pt ∪ A ×D
n) is a strong deformation retract of X1 ×D
n. Denote
Y = (X1 × D
n) ∪A×Sn−1 (X2 × D
n) and define d−n : K−n
G
(A) → K−n+1
G
(X) to be the
homomorphism which makes the following diagram commute:
0 // K−n
G
(A) //
d−n

KG(Y )
(−,pt)∗
//
incl∗

KG(X) //
Id

0
0 // K−n+1
G
(X) // KG(X × S
n−1)
(−,pt)∗
// KG(X) // 0.
We have already shown that the desired long sequence is exact at K−n
G
(X1) ⊕ K
−n
G
(X2)
for all n. Let us denote Z = (X1 ×D
n)∐ (X2 ×D
n) and W = (X1 ×D
n) ∪A×pt (X2 ×D
n).
To prove exactness at K−n+1
G
(X) and K−n
G
(A) for any n ≥ 1, apply the exactness of (2) to
the following split inclusion of pushout squares:
X1 ∐X2 //

X1 ∐X2

(X1 ∐X2)× S
n−1 //

Z

X //

X
incl //

X × Sn−1 //

Y

X // X X // W.
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The upper pair of squares induces a split surjection of exact sequence whose kernel yields
the exactness of the long sequence at K−n+1
G
(X). And since
Ker[KG(W )→ KG(X)] ∼= Ker
[
KG(Z)→ KG(X1 ∐X2)
]
∼= K−nG (X1)⊕K
−n
G
(X2)
by (2), the lower pair of squares induces a split surjection of exact sequences whose kernel
yields the exactness of the long sequence at K−n
G
(A). 
We now consider products on K∗G(X) and on K
∗
G(X,A). We follow the analogous con-
struction from Section 3 of [16]. Tensor products of G-extendable vector bundles makes
KG(X) into a commutative ring, and all induced maps f
∗ : KG(Y ) −→ KG(X) are ring
homomorphisms. For each n,m ≥ 0,
K−n−m
G
(X) ∼= Ker[K−mG (X × S
n) −→ K−m
G
(X)] =
= Ker[KG(X × S
n × Sm) −→ KG(X × S
n)⊕KG(X × S
m)],
where the first isomorphism follows from the usual Mayer-Vietoris sequences. Hence the
composition
KG(X × S
n)⊗KG(X × S
m)
p∗
1
⊗p∗
2−→ KG(X ×X × S
n × Sm) −→ KG(X × S
n × Sm)
restricts to a homomorphism
K−n
G
(X)⊗K−m
G
(X) −→ K−n−m
G
(X).
By applying the above definition with n = 0 or m = 0, the multiplicative identity for
KG(X) is seen to be an identity for K
∗
G(X). Associativity of the graded product is clear
and graded commutativity follows upon showing that composition with a degree −1 map
Sn → Sm induces multiplication by −1 on K−n(X). This product makes K∗G(X) into a
graded ring. Clearly, f ∗ : K∗G(Y ) −→ K
∗
G(X) is a ring homomorphism for any G-map
f : X −→ Y . This makes K∗G(X) into a K
∗
G(G0)-algebra, since G0 is a final object in the
category of G-spaces.
It remains to prove Bott periodicity. Recall that K˜(S2) = Ker[K(S2) −→ K(pt)] ∼= Z,
and is generated by the Bott element B ∈ K˜(S2), the element [S2 × C] − [H ] ∈ K˜(S2),
where H is the canonical complex line bundle over S2 = CP 1. For any G-space X , there is
an obvious pairing
K−n
G
(X)⊗ K˜(S2)
⊗
−→ Ker[K−n
G
(X × S2) −→ K−n
G
(X)] ∼= K−n−2G (X)
induced by external tensor product of bundles. Evaluation at the Bott element now defines
a homomorphism
b = b(X) : K−n
G
(X) −→ K−n−2
G
(X),
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which by construction is natural in X . And this extends to a homomorphism
b = b(X,A) : K−n
G
(X,A) −→ K−n−2
G
(X,A)
defined for any G-pair (X,A) and all n ≥ 0.
Definition 3.15. An n-dimensional G-cell is a space of the form Dn × U where U is a
compact G-space such that G⋊ U is weakly equivalent to an action groupoid corresponding
to an action of a compact Lie group G on a finite G-CW-complex.
Definition 3.16. A G-CW-complex X is a G-space together with an G-invariant filtration
∅ = X−1 ⊆ X0 ⊆ X1 ⊆ . . . ⊆ Xn ⊆ . . . ⊆ ∪
n≥0
Xn = X
such that Xn is obtained from Xn−1 for each n ≥ 0 by attaching equivariant n-dimensional
cells and X carries the colimit topology with respect to this filtration. That is, for each
n ≥ 0 there is a collection of n-cells {Ui × D
n | i ∈ In} for some index set In, along with
attaching maps qni : Ui × S
n−1 → Xn−1, Q
n
i : Ui ×D
n → Xn, and a G-pushout
∐
i∈In
Ui × S
n−1
∐
i∈In
qni
−−−−→ Xn−1y y
∐
i∈In
Ui ×D
n
∐
i∈In
Qni
−−−−→ Xn.
Furthermore, we say thatX is a finite G-CW-complex if it is constructed with a finite number
of G-cells, and similarly, (X,A) is a finite G-CW-pair if X can be constructed from A by
attaching a finite number of G-cells.
Definition 3.17. A groupoid G is Bredon-compatible if given any G-cell U , all G-vector
bundles on U are extendable.
Example 3.18. An example of a Bredon-compatible groupoid is G = G⋊M , where G is a
compact Lie group and M is a finite G-CW-complex. A G-cell U is a finite G-CW-complex
with an equivariant map to M and G-vector bundles on U are just G-vector bundles. By
Proposition 2.4 in [24], for any G-vector bundle A on U , there is another G-vector bundle B
such that A⊕B is a trivial bundle, that is, the pullback of a G-vector bundle V over a point.
Consider the only map from M to a point. The pullback of V over this map is a G-vector
bundle onM . If we pull it back to U we recover A⊕B and therefore G is Bredon-compatible.
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Proposition 3.19. Suppose that F : G −→ H is a local equivalence. Then the pullback
functor
F ∗ : {Fiber bundles on H} −→ {Fiber bundles on G}
is an equivalence of categories.
Proof. See Proposition A.18 of [9]. 
Corollary 3.20. If G is Bredon-compatible and U is a G-cell, then K∗G(U)
∼= K∗G(M) for
some compact Lie group G and a finite G-CW-complex M .
Theorem 3.21. If G is Bredon-compatible, the Bott homomorphism
b = b(X,A) : K−n
G
(X,A) −→ K−n−2
G
(X,A)
is an isomorphism for any finite G-CW-pair (X,A) and all n ≥ 0.
Proof. Assume first that X = Y ∪φ (U ×D
m) where U ×Dm is a G-cell. Assume inductively
that b(Y ) is an isomorphism. Since K−n
G
(U×Sm−1) ∼= K−nG (M×S
m−1) and K−n
G
(U×Dm) ∼=
K−nG (M × D
m), the Bott homomorphisms b(U × Sm−1) and b(U × Dm) are isomorphisms
by the equivariant Bott periodicity theorem for actions of compact Lie groups. The Bott
map is natural and compatible with the boundary operators in the Mayer-Vietoris sequence
for Y , X , U × Sm−1 and U × Dm and so b(X) is an isomorphism by the 5-lemma. The
proof that b(X,A) is an isomorphism follows immediately from the definitions of the relative
groups. 
Based on the Bott isomorphism we just proved, we can now redefine for all n ∈ Z
KnG (X,A) =
{
K0G(X,A) if n is even
K−1
G
(X,A) if n is odd.
For any finite G-CW-pair (X,A), define the boundary operator δn : KnG (A) −→ K
n+1
G
(X,A)
to be δ : K−1
G
(A) −→ K0G(X,A) if n is odd, and to be the composite
K0G(A)
b
−→ K−2
G
(A)
δ−2
−→ K−1
G
(X,A)
if n is even.
We collect now all the information we have about G-equivariant K-theory in the following
theorem:
Theorem 3.22. If G is a Bredon-compatible Lie groupoid, the groups KnG (X,A) define a
Z/2-graded multiplicative cohomology theory on the category of finite G-CW-pairs.
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There are more general versions of equivariant K-theory for actions of locally compact
groupoids available in the literature using C∗-algebras and KK-theory, such as the ones
developed in [7] and [14], but no completion theorems are expected to hold for them. For
example, Emerson and Meyer define two versions of equivariant K-theory for actions of a
second countable, locally compact, Hausdorff groupoid G in [7]. The first definition uses the
C∗-algebra of the action groupoid and it is given by CK∗G(X) = K∗(C
∗(G ⋊ X)). We use
this notation to avoid confusion with our version of G-equivariant K-theory. The second
definition is a Kasparov type K-theory, called G-equivariant representable K-theory and
given by RK∗G(X) = KK
G⋊X
∗ (C0(X), C0(X)). These definitions are extended to pairs and
shown to be cohomology theories on a suitable category of G-spaces. They are isomorphic if
X is G-compact, that is, if X/G is compact.
Emerson and Meyer consider the question of when equivariant K-theory for groupoid
actions can be defined using finite-dimensional vector bundles. Let G be a second countable,
locally compact, Hausdorff groupoid with Haar system, X a proper, G-compact, second
countable G-space and A a closed G-invariant subset of X . Assume that for each x ∈ X ,
and each irreducible representation V of the stabilizer of x, there is a G-vector bundle on X
whose fiber over x contains V . Note that since the anchor map pi : X → G0 is equivariant,
it is sufficient that this condition holds for the action of G on G0. Then Theorems 6.4 and
6.14 in [7] show that equivariant K-theory defined in terms of G-vector bundles V K∗G(X,A)
is isomorphic to CK∗G(X,A) and RK
∗
G(X,A).
If moreover, G is a Bredon-compatible Lie groupoid and U is a G-cell, all G-vector bundles
on U are extendable and thereforeK∗G(U)
∼= V K∗G(U). Assume that for each x ∈ G0, and each
irreducible representation V of the stabilizer of x, there is a G-vector bundle on G0 whose
fiber over x contains V , so that V K∗G(Y ) = CK
∗
G(Y ) for any proper, G-compact, second
countable G-space Y . The same argument used in the proof of Theorem 3.21 implies that
K∗G(X)
∼= CK∗G(X)
∼= RK∗G(X) for all finite G-CW-complexes. Therefore we have proved the
following theorem:
Theorem 3.23. Let G be a Bredon-compatible Lie groupoid such that for each x ∈ G0, and
each irreducible representation V of the stabilizer of x, there is a G-vector bundle on G0 whose
fiber over x contains V . Then equivariant K-theory defined in terms of extendable G-vector
bundles coincides with equivariant K-theory defined in terms of C∗-algebras and KK-theory
([7], Definitions 2.2 and 2.3) on the category of finite G-CW-complexes.
The condition on G0 is satisfied, for instance, by orbifolds (Example 6.17 in [7]) and by
the action groupoids associated to certain actions of locally compact groups G on proper
G-compact spaces (Theorem 6.15 in [7]).
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4. The completion map
Given a Lie groupoid G, we can associate an important topological space to it, namely its
classifying space BG. For n ≥ 1, let Gn be the iterated fibered product
Gn = {(g1, . . . , gn) | gi ∈ G1, s(gi) = t(gi+1) for i = 1, . . . , n− 1}.
Together with the space of objects G0, the spaces Gn have a simplicial structure called the
nerve of G. Here we are really thinking of G as a topological category. Following the usual
convention, we define face operators di : Gn → Gn−1 for i = 0, ..., n, given by
di(g1, . . . , gn) =


(g2, . . . , gn) if i = 0
(g1, . . . , gn−1) if i = n
(g1, . . . , gigi+1, . . . , gn) otherwise
for 0 < i < n when n > 1. Similarly, we define d0(g) = s(g) and d1(g) = t(g) when n = 1.
For such a simplicial space, we can glue the disjoint union of the Gn×∆
n as follows, where
∆n is the topological n-simplex. Let δi : ∆
n−1 → ∆n be the linear embedding of ∆n−1 into
∆n as the i-th face. We define the classifying space of G as the geometric realization of its
nerve as a simplicial space, that is:
BG =
∐
n
(Gn ×∆
n)/(di(g), x) ∼ (g, δi(x)).
This is usually called the fat realization of the nerve, meaning that we have chosen to
leave out identifications involving degeneracies. The two definitions will produce homotopy
equivalent spaces provided that the topological category has sufficiently nice properties.
Another nice property of the fat realization is that if every Gn has the homotopy type of a
CW-complex, then the realization will also have the homotopy type of a CW-complex.
A strict homomorphism of groupoids φ : H → G induces a continuous map Bφ : BH →
BG. In particular, an important basic property is that an equivalence of groupoids induces a
homotopy equivalence between classifying spaces. This follows from the fact that an equiv-
alence induces an equivalence of categories.
For any group G we can construct the universal G-space EG in the sense of Milnor or
Milgram. We have analogous constructions for a groupoid. The first construction is the
analogue to the universal space of Milgram and it is also described in Example 2.36 of [12].
Given the groupoid G, construct the translation groupoid G¯ = G⋊ G1. This is the groupoid
that has G1 as its space of objects and G1×s G1 as its space of arrows, that is, only one arrow
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between two elements if they have the same source and none otherwise. The nerve of this
category is given by:
N G¯k = {(g1, . . . , gk+1) | gi ∈ G1 for i = 1, . . . , n, and s(g1) = · · · = s(gk+1)}.
We consider the natural simplicial structure on N G¯∗ as the nerve of the category G¯. There is a
natural action of G on N G¯k with anchor map pi given by the source map and (f1, ..., fk+1)·h =
(f1h, ..., fk+1h). With this action there are homeomorphisms N G¯n/G ∼= Gn for all n > 0 given
by the maps:
Φ0 : N G¯0/G→ G0
[g] 7→ t(g)
Φ2k+1 : N G¯2k+1/G→ G2k+1
[g1, . . . , g2k+1] 7→ (g2g
−1
1 , g1g
−1
3 , g4g
−1
1 , . . . , g2k+1g
−1
1 )
Φ2k : N G¯2k/G→ G2k (if k > 0)
[g1, . . . , g2k] 7→ (g2g
−1
1 , g1g
−1
3 , g4g
−1
1 , . . . , g1g
−1
2k )
Ψ2k+1 : G2k+1 → N G¯2k+1/G
(h1, . . . , h2k+1) 7→ [u(s(h1)), h1, h
−1
2 , h3, . . . , h2k+1]
Ψ2k : G2k → N G¯2k/G
(h1, . . . , h2k) 7→ [u(s(h1)), h1, h
−1
2 , h3, . . . , h
−1
2k ],
where [g1, . . . , gn] denotes the orbit of the element (g1, . . . , gn) in N G¯n/G. These maps com-
mute with the face operators di for the simplicial structures on N G¯∗ and G∗, therefore N G¯/G
and NG are homeomorphic and so BG¯/G ∼= BG. It is also clear that G acts freely on BG¯.
The second construction imitates Milnor’s universal G-space. Consider the spaces:
EnG =
{
n
Σ
i=1
λigi | s(g1) = · · · = s(gn),
n
Σ
i=1
λi = 1
}
with the subspace topology induced from the natural inclusion in the join of n copies of G1
and an action of G given by the maps pi
(
n
Σ
i=1
λigi
)
= s(g1) and
(
n
Σ
i=1
λigi
)
· g =
n
Σ
i=1
λigig.
There are inclusions of EnG in En+1G given by sending Σni=1λigi to Σ
n+1
i=1 µihi, where hi = gi,
λi = µi if i ≤ n and hn+1 = u(s(g1)), µn+1 = 0. Now define EG = lim
→
EnG. Note that G acts
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freely on EnG for all n and thus on EG. Let us denote BnG = EnG/G. Since the inclusions of
of EnG in En+1G described above are equivariant, they induce inclusions of BnG in Bn+1G.
The fibrant replacement of a topological groupoid ([12], Definition 2.45) is weakly equiva-
lent to the original groupoid. It turns out that EG is the geometric realization of the fibrant
replacement of G¯ ([12], Example 2.47) and therefore EG/G and BG¯/G = BG are homotopy
equivalent. From this point on we will use EG as our universal G-space and identify EG/G
with BG.
Definition 4.1. Given a G-space X , we define the Borel construction XG = (X ×pi EG)/G.
Example 4.2. Let G = H ⋊M . Then a G-space is a H-space X with a H-equivariant map
to M . In this case, G-equivariant vector bundles on X correspond to H-vector bundles on
X and so KG(X) = KH(X). We have EG =M ×EH and BG =MH .
Example 4.3. Let M be a G-space. Consider the groupoid H = G ⋊M . An H-space is
a G-space X with a G-equivariant map to M . As in the previous example, H-equivariant
vector bundles on X are just G-equivariant vector bundles on X and so KH(X) = KG(X).
It can be shown that EH =M ×pi EG and BH =MG.
Lemma 4.4. Let X be a G-space and Y = X ×pi E
nG. If Y/G is compact, then there is an
isomorphism KG(Y ) ∼= K(Y/G).
Proof. Pulling back via the projection p1 : Y → Y/G takes vector bundles over Y/G to G-
vector bundles over Y . On the other hand, if E is a G-vector bundle over Y , we claim that
E/G is a vector bundle over Y/G. To prove this claim, we only need to show that E/G is
locally trivial. And to show this, it suffices to prove that p1 has local sections around any
point.
Indeed, let [x,Σni=1 λigi] = p1(x,Σ
n
i=1 λigi), where x ∈ X , gi ∈ G1 and piX(x) = s(gi)
for i = 1, . . . , n. There is some j for which λj is not zero. Let U be a G-invariant open
neighbourhood of Σni=1 λigi in E
nG such that every element of U satisfies that λj is not
zero, and consider V = p1(X ×pi U). Now consider the map f : V → X ×pi U that sends
[y,Σni=1 µihi] to (yg
−1
j ,Σ
n
i=1 µiki), where ki = hig
−1
j if i 6= j and kj = ut(gj). This map is well
defined and it is a section of p1.
These two maps define a bijection between vector bundles over Y/G and G-vector bundles
on Y . Hence any G-vector bundle on Y is the pullback of a vector bundle on Y/G. To prove
the lemma we need to show that vector bundles on Y/G pull back to extendable G-vector
bundles on Y . The anchor map pi1 : Y −→ G0 induces a map pi2 : Y/G −→ |G|. These maps
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fit into a commutative diagram:
Y
pi1 //
p1

G0
p2

Y/G
pi2 // |G|,
where p2 is the projection given in Definition 2.4.
Let r and q be the only maps from Y/G and |G| to a point, respectively. Given a vector
bundle A over Y/G, there is a vector bundle V over a point such that r∗V = A ⊕ B for
some vector bundle B over Y/G. If W = q∗V , then we also have pi∗2W = A ⊕ B. Consider
W ′ = p∗2W . We have
pi∗1W
′ = pi∗1p
∗
2W = p
∗
1pi
∗
2W = p
∗
1(A⊕B) = p
∗
1A⊕ p
∗
1B. 
Note that if BnG is compact, we obtain KG(E
nG) ∼= K(BnG) by taking X = G0. In the
next lemma and in the rest of the paper we will use representable K-theory for spaces that
are not compact.
Lemma 4.5. Consider M˜ =
{
n
Σ
j=1
λjgj | g1 = · · · = gn, λ1 = · · · = λn = 1/n
}
, which is a
G-equivariant subspace of EnG and M = M˜/G ⊂ BnG. Then any product of n elements in
K∗(BnG,M) is zero.
Proof. The result is obvious if n = 1. Let n > 1 and consider the G-subspaces A˜i ={
Σnj=1 λjgj | λi ≥ 1/n
}
of EnG and the corresponding subspaces Ai = A˜i/G of B
nG. Given
h ∈ G1, let us denote by h(i) the element Σ
n
j=1 λjgj ∈ E
nG with λi = 1, λj = 0 if j 6= i and
gj = h for all j. Now, we define M˜i = {h(i) | h ∈ G1}. The space M˜i is a deformation retract
of the spaces A˜i, as the following maps show:
ρi : A˜i → M˜i
ρi
(
n
Σ
j=1
λjgj
)
= gi(i)
Hi : A˜i × I → A˜i
Hi
(
n
Σ
j=1
λjgj, t
)
=
n
Σ
j=1
µjhj, where µi = tλi + (1− t), µj = tλj if j 6= i and hj = gi for all j.
Since all these maps are G-equivariant, Mi = M˜i/G is a deformation retract of the space
Ai. In particular K
∗(Ai,Mi) = 0. The map Φ˜ : M˜i → M˜ given by Φ(g(i)) = Σ
n
j=1
1
n
g is a
homeomorphism and it is G-equivariant, hence it defines a homeomorphism Φ : Mi → M .
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Then the relative K-theory of the pair (Ai,M) is isomorphic to the K-theory of the mapping
cone for the map Ψ : Mi → Ai that takes g(i) to Σ
n
j=1
1
n
g ∈ Ai. But the inclusion of Mi in
Ai is homotopic to Ψ via the homotopy
Hi : M˜i × I → A˜i
Hi (g(i), t) =
n
Σ
j=1
λjg, where λi = t+
1− t
n
and λj =
1− t
n
if j 6= i.
Therefore K∗(Ai,M) ∼= K
∗(Ai,Mi) = 0, and so K
∗(BnG,M) ∼= K∗(BnG, Ai) for all i via the
long exact sequence for the triples (BnG, Ai,M). Since B
nG = A1∪A2∪ . . .∪An, the relative
product K∗(BnG, A1)⊗K
∗(BnG, A2)⊗ · · · ⊗K
∗(BnG, An) → K
∗(BnG, A1 ∪ A2 ∪ . . . ∪ An)
is identically zero, and therefore the product of n elements of K∗(BnG,M) is zero. 
Definition 4.6. A Lie groupoid G is finite if G0 is a finite G-CW-complex and the spaces
BnG are compact.
Let G be a finite groupoid. We have an augmentation homomorphism K∗G(G0) → K
∗(G0)
given by forgetting the G-action. Let IG be the kernel of this map and let us consider the
following composition:
K∗G(G0)
pi∗
→ K∗G(E
nG)
∼=
→ K∗(BnG)
i∗
→ K∗(M)
∼=
→ K∗(G0),
where pi : EnG → G0 is the anchor map, the middle isomorphism is given by Lemma 4.4,
i : M → BnG is the inclusion given in Lemma 4.5 and the last isomorphism is given by the
homeomorphism M → G0 induced by the G-homeomorphism M˜ → G1 that sends Σ
n
j=1
1
n
g
to g. The composition of these four maps coincides with the augmentation homomorphism,
whose whose kernel is IG, so the map K
∗
G(G0)→ K
∗
G(E
nG) factors through K∗G(G0)/I
n
G .
For any G-space X , K∗G(X) is a module over K
∗
G(G0) and by naturality the homomorphism
K∗G(X) → K
∗
G(X ×pi E
nG) factors through K∗G(X)/I
n
GK
∗
G(X), giving a homomorphism Φn :
K∗G(X)/I
n
GK
∗
G(X)→ K
∗
G(X×piE
nG). The equivariant inclusion EnG→ En+1G and In+1
G
⊂ InG
induce the following commutative diagram:
K∗G(X)/I
n+1
G
K∗G(X)

Φn+1
// K∗G(X ×pi E
n+1G)

K∗G(X)/I
n
GK
∗
G(X)
Φn // K∗G(X ×pi E
nG),
which induces a homomorphism of pro-rings {K∗G(X)/I
n
GK
∗
G(X)} → {K
∗
G(X ×pi E
nG)}.
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Conjecture 4.7. Let G be a finite Lie groupoid and X a G-space. Then we have an isomor-
phism of pro-rings
{K∗G(X)/I
n
GK
∗
G(X)} −→ {K
∗
G(X ×pi E
nG)}.
If a groupoid G satisfies this conjecture for X = G0, we will say G satisfies the completion
theorem.
5. The completion theorem
Recall that we are using representable K-theory for spaces that are not compact.
Lemma 5.1. Let G = G⋊X, where G is a compact Lie group and X is a compact G-space
such that K∗G(X) is finitely generated over R(G). Then G satisfies the completion theorem.
Proof. Let IX be the kernel of K
∗
G(X) −→ K
∗(X). We would like to prove that there
is an isomorphism of pro-groups {K∗G(X)/I
n
X}
∼= {K∗G(X × E
nG)}. By the Atiyah-Segal
completion theorem (Theorem 2.1 in [4]), we have an isomorphism {K∗G(X)/I
n
GK
∗
G(X)}
∼=
{K∗G(X ×E
nG)}. So it suffices to prove that the IG-adic topology and the IX-adic topology
are the same in K∗G(X). Since K
∗
G(X) is a module over R(G), we have IGK
∗
G(X) ⊂ IX .
Let Kn be the kernel of αn : K
∗
G(X) −→ K
∗
G(X × E
nG). By Corollary 2.3 in [4], the
sequence of ideals {Kn} defines the IG-adic topology onK
∗
G(X). In particular, there ism ∈ N
such that Km ⊂ IGK
∗
G(X). Note that K1 = IX . Consider the composition K
∗
G(X) −→
K∗G(X × E
mG) −→ K∗G(X × E
1G) ∼= K∗(X). Since X × EmG is the union of m open sets
which are homotopy equivalent to X×E1G = X×G, we haveK∗G(X×E
mG,X×E1G)m = 0.
Thus the first map factors through ImX , thus I
m
X ⊂ Km. Hence I
m
X ⊂ IGK
∗
G(X). 
Lemma 5.2. Let Θ : H→ G be a local equivalence of finite Lie groupoids. Then G satisfies
the completion theorem if and only if H does.
Proof. The local equivalence Θ : H −→ G induces an isomorphism f : K∗G(G0)
∼=
−→ K∗H(H0).
The following diagram is commutative:
K∗G(G0)
f
//
α

K∗H(H0)
β

K∗(G0)
φ
// K∗(H0).
Therefore we have f(IG) ⊂ IH. Let g be the inverse of f , x ∈ IH and y = g(x). Since
β(x) = 0, we have φα(y) = 0. But α(y) = (ny, ay) ∈ Z ⊕ K˜
∗(G0) ∼= K
∗(G0) and so
φα(y) = (ny, φ˜(ay)). This implies ny = 0, that is, αg(IH) ⊂ K˜
∗(G0).
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Since G0 is compact, there is m ∈ N such that K˜
∗(G0)
m = 0. Then we have αg(ImH ) ⊂
K˜∗(G0)
m = 0 and so g(ImH ) ⊂ IG. Thus I
m
H = fg(I
m
H ) ⊂ f(IG) and the topologies induced
by IG and IH on K
∗
H(H0) are the same. Therefore we have an isomorphism of pro-rings
{K∗(G0)/I
n
G}
∼= {K∗(H0)/I
n
H}.
The local equivalence Θ also induces a homotopy equivalence between BG and BH. If
we consider the associated filtrations to each of these spaces, {BnG} and {BnH}, the local
equivalence must take BnG to some Bn+kH and BnH to some Bn+k
′
G. Hence we have an
isomorphism of pro-rings {K∗(BnG)} ∼= {K∗(BnH)}. The lemma follows from the diagram:
{K∗(G0)/I
n
G}
∼= //

{K∗(H0)/I
n
H}

{K∗(BnG)}
∼= // {K∗(BnH)}
From the previous lemma, we obtain the following theorem:
Theorem 5.3. Let G and H be weakly equivalent finite groupoids. Then G satisfies the
completion theorem if and only if H does.
Note that Theorem 5.3 and Lemma 5.1 imply the following:
Corollary 5.4. If G is Bredon-compatible and U is a G-cell, K∗G(U) is a finitely generated
abelian group and the groupoid G⋊ U satisfies the completion theorem.
This corollary tells us that the completion theorem is true for G-cells. Now we will use
this corollary to prove the completion theorem for finite G-CW-complexes. We will also need
to use the following lemma:
Lemma 5.5. Fix any commutative Noetherian ring A, and any ideal I ⊂ A. Then for any
exact sequence M ′ → M →M ′′ of finitely generated A-modules, the sequence
{M ′/InM ′} −→ {M/InM} −→ {M ′′/InM ′′}
of pro-groups (pro-A-modules) is exact.
Proof. See [16], Lemma 4.1. 
Let X be a finite G-CW-complex with p-cells {Vi = Ui×D
p | i ∈ Ip} (see Definition 3.16)
and consider the spectral sequence for this decomposition in G-equivariant K-theory:
Epq1 =
∏
i∈Ip
Kq
G
(Vi) =⇒ K
p+q
G
(X).
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This is a spectral sequence of K∗G(G0)-modules. Let us assume that G is finite so that K
∗
G(G0)
is a Noetherian ring. All elements in these spectral sequences are finitely generated, and so
by the previous lemma, the functor taking a K∗G(G0)-module M to the pro-group {M/I
n
GM}
is exact and we can form the following spectral sequence of pro-rings:
F pq1 =


∏
i∈Ip
Kq
G
(Vi)/I
n
GK
q
G
(Vi)

 =⇒ {Kp+qG (X)/InGKp+qG (X)}.
Now consider the G-maps hn : X ×pi E
nG −→ X . They give us another spectral sequence
of pro-rings:
F¯ pq1 =


∏
i∈Ip
Kq
G
(h−1n Vi)

 =⇒ {Kp+qG (X ×pi EnG)}.
We also have a map of spectral sequences φ : F −→ F¯ induced by the projections h−1n Vi =
Vi ×pi E
n/G→ Vi.
If G is Bredon-compatible, the groupoids G ⋊ Vi satisfy the completion theorem for all i.
Since we are taking quotient by the ideal IG and not by IG⋊Vi, we need to check that both
topologies coincide. We consider the long exact sequences in equivariant and non-equivariant
K-theory for the pair (CV , V ) where V is any Vi and CV is the mapping cylinder of the map
pi : V −→ G0. Note that CV is G-homotopy equivalent to G0 and V ⊂ CV .
KG(CV , V ) //

KG(G0) //

KG(V ) //

K1G(CV , V )

K(CV , V ) // K(G0) // K(V ) // K
1(CV , V ).
It is clear that IGKG(V ) ⊂ IV . Now let m ∈ N such that K(CV , V )
m = 0 and n ∈ N such
that KG(CV , V )
n = 0. Then InmV ⊂ IGKG(V ) and so the topologies coincide.
This proves φ is an isomorphism when restricted to any particular element F ij and there-
fore, it is an isomorphism of spectral sequences. In particular, we have an isomorphism
{Kp+q
G
(X)/InGK
p+q
G
(X)} ∼= {K
p+q
G
(X ×pi E
nG)}. To summarize, we have proved:
Theorem 5.6. Let G be a Bredon-compatible finite Lie groupoid and X a finite G-CW-
complex. Then we have an isomorphism of pro-rings
{K∗G(X)/I
n
GK
∗
G(X)} −→ {K
∗
G(X ×pi E
nG)}.
Corollary 5.7. Under the same circumstances, the homomorphism K∗G(X) → K
∗(XG) in-
duces an isomorphism of the IG-adic completion of K
∗
G(X) with K
∗(XG).
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6. Applications
Unless otherwise stated, throughout this whole section S will be a Lie group, but not
necessarily compact. To study proper actions of S, we can consider the groupoid G = S⋊ES,
where ES is the universal space for proper actions of S ([15], Definition 1.8). This space
is a proper S-CW-complex such that ESG is contractible for all compact Lie subgroups G
of S and such that every proper S-CW-complex has an S-map to ES that is unique up
to S-homotopy. The existence of ES is shown in Theorem 1.9 of [15]. Some immediate
consequences follow:
• Proper S-CW-complexes are G-CW-complexes.
• Extendable G-bundles on a proper S-CW-complex X are extendable S-bundles for
any S-map X −→ ES, since all of them are S-homotopic.
In order for G to be finite, we need ES to be a compact finite S-CW-complex and the
spaces BnG to be compact. Note that this is not necessarily the case, but when these
conditions hold we are under the hypotheses of Theorem 5.6.
EquivariantK-theory for actions of finite groups and compact Lie groups have been studied
extensively in the past. It is a well-known fact that for these actions, G is Bredon-compatible
[24] and finite and so they satisfy a completion theorem, first proved in [4] using different
methods.
Proper actions of discrete groups and totally disconnected groups that are projective limits
of discrete groups also satisfy Bredon-compatibility, as shown in [16] and [21], and therefore
a completion theorem follows if the finiteness condition holds. A completion theorem for
proper actions of discrete groups is also proved in [16].
In general, vector bundles may not be enough to construct an interesting equivariant
cohomology theory for proper actions of second countable locally compact groups [19], but
they suffice for two important families, almost compact groups and matrix groups [20].
Almost compact groups, that is, second countable locally compact groups whose group of
connected components are compact, always have a maximal compact subgroup. Any space
with a proper action of one of these groups is the induction of a space with an action of
that compact subgroup and so the study of proper actions of almost compact groups are
reduced to studying compact Lie group actions. This is carried out in [20], where it is proven
that these action groupoids are Bredon-compatible that a completion theorem holds. This
is done by showing that the completion maps are compatible with the reduction map to the
maximal compact subgroup. With different techniques it is proven that proper actions of
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matrix groups, that is, closed subgroups of GL(n,R), are Bredon-compatible. Proper actions
of abelian Lie groups constitute a particular instance of this case.
The groupoid G is not necessarily Bredon-compatible. When G is a Bredon-compatible
groupoid we must have VectG(S/G) = VectG(pt) for a compact subgroup G of S. Let S be
a Kac-Moody group and T its maximal torus. Note that S is not a Lie group, but all the
constructions and results in Sections 3 and 4 remain valid for a topological groupoid with
averaging of vector bundles.
There is an S-map S/T −→ ES which is unique, up to homotopy. Given an S-vector
bundle V on ES, the pullback to S/T is given by a finite-dimensional representation of
T invariant under the Weyl group. This representation gives rise to a finite-dimensional
representation of S. All finite-dimensional representations of Kac-Moody groups which are
not compact Lie groups are trivial. Therefore V must be trivial and so extendable S-vector
bundles on S/T only come from trivial representations of T .
In order to deal with these groups, it is more convenient to use dominant K-theory, which
was developed in [13]. Kac-Moody groups possess an important class of representations called
dominant representations. A dominant representation of a Kac-Moody group in a Hilbert
space is one that decomposes into a sum of highest weight representations. Equivariant K-
theory for proper actions of Kac-Moody groups is defined as the representable equivariant
cohomology theory modeled on the space of Fredholm operators on a Hilbert space which is
a maximal dominant representation of the group.
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